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BOUNDING SOLUTIONS FOR CREEPING
STRUCTURES SUBJECTED TO LOAD VARIATIONS
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AbItnct-For load variations above the shakedown limit, cyclic plasticity solutions are defined for yield
criteria of perfect-plasticity and of kinematic strain-hardening. The cyclic plasticity solutions are used to
provide upper bounds on the work, displacements and creep energy dissipations which occur in the cyclic
stationary state of a creeping structure.
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Kronecker's delta
total strain tensor
temperature and thermal strain tensor, respectively
plastic multiplier
positive-definite metric
stress tensor and constant stress, respectively
cycle time
homogeneous function of degree one in cr,/cr.
tensor of elastic constants
creep enersy dissipation rate
elastic strain tensor
yield function
positive function of temperature
constants
applied loads
plastic strain tensor
additional loads
surface
stress deviator tensor {-cr'l -l~pu}
tensor T'l = 511 - mpij
time
displacement
volume
creep strain tensor and constant strain, respectively
reetangular co-ordinates
8( )/8t.

I. INTRODUCTION

The paper considers structures which operate in the creep range and which are subjected to
periodic variations of temperature and external loading. For load and temperature variations
below shakedown, Ponterll, 2] has shown that a stress history which is the sum of the periodic
elastic solution and a constant residual stress field can be used to provide upper bounds on
creep energy dissipation and displacements for a structure in the cyclic stationary state. The
optimum stress history used to bound the creep energy dissipation is of importance since it
approaches the actual stress history when cycle times become short compared to material time
scales [2, 3]. In many practical situations cycle times are short compared to characteristic
relaxation times of structures and the optimal stress history may be considered as an
approximate solution. It may be used to relate average deformation rates of structures to
constant load, constant temperature uniaxial data by means of reference stresses and reference
temperatures [4].

For loading above the shakedown limit, it is no longer possible to find a solution which is the
sum of the elastic solution and a constant residual stress and which does noi violate yield at
some time. Consequently, the existing methods outlined above cannot be applied in this area. In
situations where the loading is purely mechanical, the limitations of shakedown can usually be
satisfied by suitable design and present methods are adequate. However, in some nuclear power
applications, severe temperature gradients occur and it is difficult to avoid violating shakedown.
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If an expensive, fuU inelastic analysis is to be avoided, it is tben necessary to extend previous
work. In the present paper, tbe bounding method of Ponter[l] is qtended to cater for load and
temperature variations above the sbakedown limit. Attention is restricted to periodic loadina
and to the bebaviour of the structure in the cyclic stationary state. Any transient response in
reacbing this cyclic stationary state is not considered. The use of the optimum stress history for
creep energy dissipation as an approximate solution is discussed. Application of the bounds to
some simple structures is considered in a companion paper[S).

2. ASSUMPTIONS AND MATERIAL BEHAVIOUR

Consider a body of volume, V, surface, S, with neglilible body forces. This is subject to a
given history of loading P,tt) over part Sp of S and to zero surface velocities over the
remainder S•. The temperature, 8(x" 0, is a given function of position, Xi, aacl time, t. All
deformations are assumed small so that cbaDJes in geometry may be neaJected.

The total strain rate iii is considered as the sum of four parts

(1)

wbere ;'/, VI/' PI/, 61/ are elastic, creep, plastic and imposed (or thermal) strIiIl rates resPectively.
In practice, it is dillcu1t to separate creep and plutic strains aDd tile diIdBodDII ia eqn (1) is
introduced for convenience. Plastic deformation is assumed to be~ (time-in­
dependent) wbereas creep deformation is assumed to occur over a period of tilDe. Iatenetions
such as the elect of creep on the yield stress and the elect of plastic strains 011 the creep strain
rates are not considered.

Elastic strains are related to the stress tensor O'ld by a generalised Hooke's Law,

(2)

wbere the tensor of elastic constant~ bas the usual symmetry properties. The creep enefJY
dissipation rate per unit volume, D, is taken as

(3)

where n,O'o, Voare constants and g(6) is a positive function of temperature. I. The fWICbon. ~
is convex and homopneous of dqree one in (0'';0'0) and reduces to the value unity for a
uniaxial stress 0'0. Following Calladine and Drucker(6) creep strain rates are normal to surfaces
of constant energy dissipation rate and are given by

(4)

Since 4> is convex and bomoseneous of dell'ee one in (u,;0'0), it readily follows that any two
states of stress 0'1jt 0" and the correspondinJ creep strain rates V1/, vr. at the same tempetature
6, must satisfy (see, for example, Martin[7)

(O'r-O'I/)(Vr- VI/)~O

(n + 1)(0'1 - O'Ij) V'j s D(O',/O'o) - D<O'I;O'O)

n(O'r - O'lj)Vij S (II/n + 1)"':.0(0"/(70).

(5)

Two types of plastic behaviour are considered. The first is one of perfect plasticity with
yield criterion /(0'1/) S 0 wbere tbe yield surface /(0'1/) =0 is strictly convex. The associated low
rule is

(6)

where A... 0 if f < 0 or if f:::: 0 and {8f/8o'q}ul/ < 0

A~o iff::::O and {a//aO'i/}UIJ =0.
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The convexity of the yield surface and the use of the associated ftow rule have the following
consequences (Koiter[8]): (a) if Uij, PII and uf, pf are two pairs of allowable states of stress and
associated plastic strain rates

(7)

where equality holds if, and only if, Ulj =u: or PII =P: =0, (b) if cTijo PII and cT:, pr are two
pairs of stress rates and associated plastic strain rates in the same state of stress on the yield
surface

(8)

The second type of plastic beh\lviour considered is one which has linear kinematic strain
hardening. The model used, a simplication of one proposed by Edelman and Drucker[9], has
yield criterion

where

(9)

Here, rn and k are positive material constants. The effect of temperature on rn and k is not
considered. The associated ftow rule is

(10)

where

Consequences of the yield criterion and associated ftow rule are (a) if TIl> PII and Tf, P:
represent two states of stress, plastic strain and associated plastic strain rates,

(11)

where equality holds if, and only if, Til =Tf or Plj =pr =0, (b) if t/jJ PII and tr"r represent
two pairs of stress rates and associated plastic strain rates for which Tlj =TIT,

(12)

3. CYCLIC STATIONARY STATES

Frederick and Armstrong[lO] have shown that structures composed of perfectly-plastic
creeping material settle down to a periodic stress distribution when subjected to periodic load
variations. A number of authors (ponter[l); Mroz[ll]; Boyle[l2]) have extended this result to a
wider class of material behaviour. In this section, the result is extended slightly to include
kinematic hardening plastic materials. Particular attention is paid to the properties of the cyclic
stationary state when there is no creep.

Consider a body of volume V, surface S with negligible body forces. This is subjected to
given imposed strains 811(1), to given mechanical loading PI(I) over part Sp of S, and to zero
surface velocities over the remainder Su of S. The imposed strains and mechanical loads both
have period T so that 811(1 + T) =811(1) and PI(I + T) =PI(I). For brevity, states of stress and
strain at times 1 and t + T are denoted by unstarred and starred quantities respectively, i.e.
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IJ'ij & IJ'lj(t), U11- Uij(t + T), etc. Consider the positive-definite metric p given by

(13)

The term involving plastic strains is only required for hardening materials aDd perfect pipticity
is considered by settina the hardening coefJk:ient m - O. Dilerentiatina eqn (13) w.r.t time
noting eqn (2)

(14)

Since the imposed strains are cyclic, 8# == 8,,{i.e. 8lj(t +T) == 8ij(t)} and it follows from eqn (1)
that

(15)

Since the mechanical loads are cyclic, both IJ'# and U'j are in equilibrium with the same loading
P,(t){==P,(t +T)}. Combination of eqns (14, 15) usina the principle of virtual work then gives

Since there is no volume change ~sociated with plastic deformation, for hardenina materials
(Ulj - mp'j) can be replaced by Tlj in eqn (16). Combinina eqn (16) with the first inequality of (5)
and with inequality (7) or (11) then gives ps O. However, p is bounded from below (p O!: 0) and
hence p"'O for larae times. Since the creep energy dissipation surface is strictly convex, it
follows from eqn (16) that, for large times, u#"'u'j, i.e. that U'j(t+T)"'U'j(t). Hence a cyclic
stationary state of stress is obtained. For a hardening material, it also follows that the plastic
strains become cyclic, P'j(t +T)'" PlJ(t).

It can readily be shown that the cyclic stationary state of stress is independent of any initial
state of residual stress or plastic strain in the structure. Suppose that the starred and unstarred
quantities above are identifted with die states at the same time t(>O)in two structures which
have identical historiet "'(t) and PI(t) for t >0 but which have difterent initial states at t -0. It
immediately follows, as before, that 01'" U'j for Iaqe times. Hence the cyclic statioiwy state is
uniquely determined by the cyc:le of imposed strains and loads.

3.1 Cyclic plasticity sol.tions
In the absence of creep. the condition p...0 for larp times does not require u# ...u" in eqn

(16) and it does not immediately follow that a cyclic stationary state is approached. However,
application of virtual work and eqn (I) yields

and eqn (13) simplifies to

(17)

It further follows from a proof Jiven in the following Section 3.2 that ultimately the stress rates
become periodic (vr.;. a,j) and uniquely determined by the imposed cycle. In addition, for
hardening materials. ultimately t,r "" tij and is unique.

For the perfectly-plastic materials the condition p=0 in eqn (16) required either ut =Uij or
pt = P'j = O. Since the stress rates are ultimately defined. it follows that if p,/'Ii 0 at any time tl
(t s tl S t +T) for large t, ut = Ui/. If Pi/ = 0 for all t l (t s tl S t + T) clearly pt = Pi/. Hence
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either O'W =O'lj or pW =P'j and, from eqn (17), p -+0 for large times. It then follows from eqn (13)
that the stress distribution becomes periodic throughout the structure, O'ij(t +T)-+O'ij(t).

For hardening materials the condition p= 0 in eqn (16) requires either T,1 = T'j or P~ = Pij =
O. Arguments similar to those for perfect plasticity then require p -+ 0 for large times. It then
follows from eqn (13) that both the stress and plastic strain distributions become periodic
throughout the structure, O'ij(t + T)-+ O'lj(t) and Plj(t + T)-+ P'j(t).

Hence, for both perfectly-plastic and hardening materials, a cyclic stationary solution is
approached in the absence of creep. Such a solution, which will be termed a cyclic plasticity
solution, consists of elastic zones in which no plastic strains occur and of yield zones in which
periodic plastic deformation occurs. Certain properties of cyclic plasticity solutions may be
deduced and these are given below for the two types of plastic behaviour.

For perfectly-plastic materials the stress distribution in the yield zones is unique. In elastic
zones the stress distribution is indeterminate allowing a residual stress field constant in time.
Although the plastic strain rates are periodic, the plastic strains are not necessarily periodic and
may have a constant increase per cycle in cases of ratchetting. In this paper the term ratchetting
is used to describe those cases for which there is a constant increase in strain per cycle in the
cyclic stationary state in the absence of creep. There is no such ratchetting for hardening
materials although there will be an accumulation of strain in reaching the cyclic stationary state.
For perfectly-plastic materials there will be either shakedown, ratchetting or the intermediate
behaviour of plastic cycling for which plastic strains occur within the cycle but there is no net
increase in strain over the cycle.

For hardening materials the plastic strains are periodic throughout the structure in the cyclic
stationary state so that ratchetting does not occur. The tensor T'j is unique in the yield zones
but the plastic strains are indeterminate allowing an arbitrary distribution of plastic strain constant
in time. Consequently in both elastic and yield zones, the stress distribution is indeterminate
allowing an arbitrary residual stress constant in time.

3.2 Uniqueness of stress rates
In this section it is shown that the stress rates for a cyclic plasticity solution are unique. A

more general result, useful later, is proved: in the absence of ratehetting, for loadings that differ
by only a constant mechanical load, corresponding cyclic plasticity solutions differ by only a
constant stress field.

Consider two identical structures composed of identical material. One structure has imposed
strains 8ij(t) and applied loads p/(t) both of period T. A cyclic plasticity solution for this
structure is denoted by unstarred quantities. The second has imposed strains 8ij(t) and applied
loads P,(t) +R, where ~ are constant in time. A cyclic plasticity solution for this structure is
denoted by starred quantities. From the principle of virtual work

I.r(0': - O'/j)(E: - Elj) dt dV =f.rR/(uT - u,) dt dS

=f. ~r(uT - u,) dt dS

=0

since ratchetting cases have been excluded. It can be seen, however, that this restriction is not
needed in the case R, =O. Using eqn (1) noting that the imposed strains are the same for both
structures,

if{(u; - O'ij)(t: - elj) + (0': - O"j)O;: - p//)}dt d V = 0

.'. I.r(0': - 0'1/)0;: - PI/) dt dV = 0 (18)

since both stress fields are cyclic. In the case of a hardening material, the plastic strains are also
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cyclic so that eqn (18) can be replaced by

I.f(T,- Tq><pr- pq)dt dV =O. 08a)

For a perfectly-plastic material. the restrictions on equality in relationship (7) when combined
with eqn (18) lead to the result that either tT' ... tTll or p' = pq ... O. For bardeniDa materials the
restrictions on equality in relationship (11) wben combined with eqn OSa) require that either
Tl- Til or pI ... pq - O.

Both structures are subjected to the same rate of mecbaaical loading P,(t) so that the
priDc:iple of virtual work gives

i.e.

I. (Of - O'q)(;r - Ell) dV ... 0

I. {(O" - O'IIXir - i'l) +(O'f - O'/J><Pr - pq)} dV... o. (19)

For a hardening JDtfoerial eqn (19) may be written

1. {(Of - O'II)(i' - til) +m<;r - ;"X;,- Ii/j) +(tlf' - t,/x;r - I'll)} d V .. O. (19a)

However. it bas been shown that ;, ... PII ..0 unless tT'" tT/j for perfect-plasticity or unless
TIf' .. Til for hardening. Inequalities (8. 12) can thea be applied so that eqns (19) aad (19a) reduce
to

The only possible solution of this is that 0', .. 0'11 whicb is the required result. A further
consequence of (l9a) is that for bardeniq materials the plastic strain rates are also unique
<;,. ;11)'

Equations (19) and (19a) are still valid if the starred and UDStarred quantities are identified,
as earlier, with states at times (I +7') and 1 in the same strudUre. The condition p• 0 in eqn (16)
requires that Ii'''' PII unless tTr .. tTll for perfect plasticity or unless TIf'''' TIJ for hardening.
Hence. as above, O'r ... O'il' i.e. O'II(t +7') .. O'II(t) for large times, t. The conditions that the stress
rates are periodic and unique were those used in Section 3.1 to demonstrate that a cyclic
stationary state is approached.

4. UPPER BOUNDS FOR THE CYCLIC SOLUTION

In this section cyclic plasticity solutions are used to provide upper bound estimates of the
displacements. work and creep energy dissipation associated with the cyclic stationary state of
a creeping structure. Consider two identical structures composed of materials with identical
elastic-plastic behaviour. One structure bas an applied loadina P,(t) and imposed strains 6v(t)
both of period 7'. The material of this s~tun creeps aDd the cyclic stationary state of stress is
denoted by tTlj(t) with correspondiDa strains and displacements denoted by unstarred queadtjes.
The second structure bas an applied loadina P,(t) +R,(t) where R,(t) is periodic of period 7'. and
imposed strains fMt). The material of this structure does not creep. A cyclic plasticity solution
is denoted by tTr(t) with correspondiq strains and displacements denoted by starred quantities.
From the principle of virtual work,

Splitting the total strains into components using eqn 0),
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f1Ri(lij - liT) ds dt =fL(ulT - ujj){ejj - eil' +fijj - filT + Vij} dV dt

=f L(ulT - Uij)(jJij - fii1' + Vlj) dV dt (20)

since both stress fields are periodic. For a hardening material, it has been shown in Section 3
that the plastic strains are cyclic so that (20) may be written

Combination of eqns (7), (20) or (t 1) and (20a) with the third inequality of (5) gives

f1RIUi ds dt s f1R/uT ds dt +'; (n : J'+1f i D(uIl'IO'o) dV dt. (21)

For imposed load and strain variations which are within the shakedown limit, ull' is an elastic
cyclic solution and inequality (21) reduces to the result of Ponter [2].

4.1 Point displacement bound
If the additional loads R; are taken as a point load R(R > 0) which is constant in time,

inequality (21) bounds the displacement UR in the line of R, as

(22)

The term {UI(T)- UI(O)} is only non-zero for perfectly-plastic materials when the loading is
sufticient to cause ratcbetting.

4.2 Work bound
Setting the additional loads proportional to the applied loads as R; = (p. - I)PI where p. is a

constant (p. > 1), gives a work bound from (21) as

r1 .£'1 1 (n )"+1 ('1 .J
o

$ PIU; ds dt s J
o

$ Pl li1 ds dt + (p. -l)n;;-:;:} J
o

~ D(uIl'IO'o) dV dt.

The first term on the right hand side of inequality (23) represents inelastic work.

(23)

4.3 Creep energy dissipation bound
If the additional loads RI are set equal to zero, then combination of eqns (7, 20) or (11, 20a)

with the second inequality of (5) gives

fLD(ul/uo)dV dtsf I. D(uITluo)dV dt

which is a bound on the mean creep energy dissipation rate.

(24)

5. OPTIMISATION OF THE BOUNDS

It was noted in Section 3.1 that the stress distribution for a cyclic plasticity solution is not
unique. The bounds (22H24) can tben be optimised by suitable choice of any additional loads
(R or IL) and by choice of the stress distnbution uf. For perfectly-plastic materials, choice of
ulT is constrained by the yield criterion but there is no such restriction for hardening materials
because the yield criterion can always be satisfied by suitable choice of the plastic strain field.

Consider, as an example of optimisation, the point displacement bound (22) in the absence
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of ratchetting,

R. A. AINSWORTH

(25)

Introducing Lagrangian multipliers A for which

Ac; 0, /(01) == 0; A== 0, /(0-:) < 0

consider the problem of minimising

w=~ f i{D(o-f/o-o) +(II + 1)A/(o1)} dV dt.

(26)

(27)

(29)

From the theorems of Kuhn and Tucker[l3}, at the minimum aw == 0, hence usin& the definition
of D given by eqn (3),

W8R == (II + 1) f i [Vo4/>"{acP/a(o-f/ao)}g(tl) + Aaflau'hlBuW d V dt.

Sinc:e the load variatioB SR is CODItaDt in time, the results of section 3.2 require &1' to be
independent of time. Consequendy

W8R .. (II +I)f.f [vocP"{acPla(o-f/o-o)}g(9) +Aifiiaf]dtBuW dV. (28)

Since &7' must be in equilibrium .with the load variation SR. the principle of complementary
virtual work requires

f (VocP" {af/)/a(0-'/ao}}g(9) + Aanavrl dt

to be ~ematically admissible with a displacement in the line of R equal to W/(II + I).
Comparison of (29) with eqns (4) and (6) and the restraints (26) on A, enables the following
physical interpretation: The optimum cyclic plasticity solution is one for which the cor­
responding creep strain rates plus possible plastic strain rates are kinematically admissible
when intearated over the cycle. It should be noted that the possible plastic strain rates of (29)
are not direcdy related to the actual plastic strain rates p,. For any cyclic plasticity solution o-f
the quantity (29) will be termed the "associated strain cycle".

Denoting as ~u* the displacement in the line of R derived for the strain field (29), eqn (28)
requires

W =(11 + l)~u*

and the original displacement bound (25) may be written

(30)

For loading below the shakedown ·limit, these optimum conditions have been given by
Ponter[l41.

For hardenina materials, the yield criterion does not constrain the miDimisation so that the
associated strain cycle (29) consists entirely of creep strains correspondinl to o-r. It has been
shown in Section 3.2 that the plastic strain rates are unique for a hardening material and it
readily foDows that all bounds (22H24) are optimised by using the cyclic plasticity solution
with a kinematically admissible associated strain cycle.
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For perfectly-plastic materials, the associated strain cycle is kinematically admissible for the
optimum creep energy dissipation bound (24). The displacement and work bounds (22) and (23)
are optimised by making the associated strain cycle kinematically admissible if the ratchet
displacements and inelastic work are a function only of the loading. Cases (such as plastic
collapse) where displacements are indeterminate are not considered. If the displacements
cannot be evaluated in the absence of creep, the additional displacements due to creep are of
little practical importance.

The condition that the associated strain cycle should be kinematically admissible can be
used to determine the optimum cyclic plasticity solution by the methods described in [4].
Conditions such as (30) can be used to obtain rapid convergence to the optimum bound and this
is illustrated in the analysis of simple structures given in the companion paper[5].

5.1 Uniqueness of optimum solution
It is now shown that, for given loading conditions, the stress distribution which has a

kinematically admissible associated strain cycle is unique. Suppose that the converse is true and
there exist two cyclic plasticity solutions Uij, u8(ulI;' (8) both of which have kinematically
admissible associated strain cycles. The conditions (26) and the convexity of the yield surface
require, in similar manner to inequality (7),

(31)

From virtual work,

[ (u: - Uil)f [Vog(8){f/J/I(u:)o4>lou~ - f/Jn(UII)of/JIOuII} +A*O/IWf - Aaf/8CTijJ dl d V =0,

since both associated strain cycles are kinematically admissible. From the results of Section 3,2
the difference (u~ - Uil) is independent of time and hence can be brought within the time
integral. Use of inequality (31) then gives

However, from the strict convexity of the creep dissipation surface, the integrand of this
inequality is positive unless uW =UII' Hence u8 =UII everywhere at all times, the oliginal
assumption u8 ;' Ulj is violated and the cyclic plasticity solution with a kinematically admissible
associated strain cycle is unique.

5.2 Approximate solutions
In Ainsworth[4], for loading within the shakedown limit, the cyclic elastic solution with a

kinematically admissible associated strain cycle was considered an approximate solution. The
approximation is better for shorter cycle times and may be considered exact in the limit T-'O.
Similarly, for loading beyond the shakedown limit, the cyclic plasticity solution which has a
kinematically admissible associated strain cycle 'may be considered an approximate or limiting
solution. In view of the bound (24), such a solution provides a safe estimate of the creep energy
dissiption occurring for any actual solution. As such, although it cannot guarantee to give a safe
estimate of any particular displacement, the approximate solution provides a safe estimate of
the mean strains occurring in a structure. Since there are no additional loads for which to
optimise, it is slightly easier to evaluate than the upper bounds on work and displacement.

6. CONCLUDING REMARKS

For load variations above the shakedown limit, the properties of cyclic plasticity solutions
have been examined allowing yield criteria of perfect-plasticity and kinematic strain hardening.
The cyclic plasticity solutions have been used to provide upper bounds on the work, dis­
placement and creep energy dissipations which occur in the cyclic stationary state· of a creeping
structure. This extends previous work of Ponter[l] to the area above the shakedown limit and
hence enables simplified methods to be applied to a wider class of problem.
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